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AUTOMORPHISMS OF POLYNOMIAL ALGEBRAS
AND DIRICHLET SERIES
VESSELIN DRENSKY AND JIE-TAI YU
Abstract. Let Fq[x, y] be the polynomial algebra in two variables
over the finite field Fq with q elements. We give an exact formula
and the asymptotics for the number pn of automorphisms (f, g) of
Fq[x, y] such that max{deg(f),deg(g)} = n. We describe also the
Dirichlet series generating function
p(s) =
∑
n≥1
pn
ns
.
The same results hold for the automorphisms of the free associative
algebra Fq〈x, y〉. We have also obtained analogues for free algebras
with two generators in Nielsen – Schreier varieties of algebras.
Introduction
Our paper is devoted to the following problem. Let Fq[x, y] be the
polynomial algebra in two variables over the finite field Fq with q ele-
ments. We would like to determine the number of Fq-automorphisms
ϕ = (f, g) of Fq[x, y] satisfying deg(ϕ) := max{deg(f), deg(g)} = n.
Here ϕ = (f, g) means that f = ϕ(x), g = ϕ(y).
Our consideration is motivated by Arnaud Bodin [B], who raised
the question to determine the number of Fq-automorphisms ϕ with
deg(ϕ) ≤ n.
In the sequel all automorphisms are Fq-automorphisms. The theo-
rem of Jung – van der Kulk [J, K] states that the automorphisms of
the polynomial algebra K[x, y] over any field K are tame. In other
words the group Aut(K[x, y]) is generated by the subgroup A of affine
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automorphisms
α = (a1x+ b1y + c1, a2x+ b2y + c2), ai, bi, ci ∈ K, a1b2 6= a2b1,
and the subgroup B of triangular automorphisms
β = (ax+ h(y), by + b1), 0 6= a, b ∈ K, b1 ∈ K, h(y) ∈ K[y].
The proof of van der Kulk [K] gives that Aut(K[x, y]) has the following
nice structure, see e.g. [C]:
Aut(K[x, y]) = A ∗C B, C = A ∩B,
where A ∗C B is the free product of A and B with amalgamated
subgroup C = A ∩ B. Using the canonical form of the elements of
Aut(K[x, y]) we have calculated explicitly the number pn of automor-
phisms of degree n:
p1 = q
3(q − 1)2(q + 1),
pn = (q(q − 1)(q + 1))2
∑(q − 1
q
)k
qn1+···+nk , n > 1,
where the summation is on all ordered factorizations n = n1 · · ·nk of
n, with n1, . . . , nk > 1.
It is natural to express the sequence pn, n = 1, 2, . . ., in terms of
its generating function. When the elements pn of the sequence involve
sums on the divisors of the index n it is convenient to work with the
Dirichlet series generating function, i.e., with the formal series
p(s) =
∑
n≥1
pn
ns
.
For the Riemann zeta function ζ(s) the coefficients of ζk(s) count the
number of ordered factorizations n = n1 · · ·nk in k factors. (We have
to take (ζ(s)−1)k if we want to count only factorizations with ni ≥ 2.)
Similarly, the coefficients of the k-th power ρk(s) of the formal Dirichlet
series
ρ(s) =
∑
n≥2
qn
ns
are equal to qn1+···+nk in the expression of pn. Hence ρ(s) may be
considered as a q-analogue of ζ(s), although it does not satisfy many of
the nice properties of the Riemann zeta function (because the sequence
qn is not multiplicative) and for q > 1 is not convergent for any nonzero
s (because its coefficients grow faster than ns). We have found that
p(s) = (q(q − 1)(q + 1))2
(∑
k≥0
q − 1
q
ρk(s)− 1
q + 1
)
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= (q(q − 1)(q + 1))2
(
1
1− q−1
q
ρ(s)
− 1
q + 1
)
and have given an estimate for the growth of pn. For n ≥ 2
(q − 1)3(q + 1)2qn+1 ≤ pn ≤ (q − 1)3(q + 1)2qn+1 + (log2 n)log2 nqn/2+8.
Hence for a fixed q and any ε > 0,
pn = (q − 1)3(q + 1)2qn+1 +O(qn(1/2+ε)).
The main contribution (q−1)3(q+1)2qn+1 to pn comes from the number
of automorphisms of the form
(a1x+ b1y + c1 + a1h(y), a2x+ b2y + c2 + a2h(y)),
(b1x+(a1+ab1)y+c1+a1h(x+ay), b2x+(a2+ab2)y+c2+a2h(x+ay)),
where a, ai, bi, ci ∈ Fq, a1b2 6= a2b1,
h(y) = hny
n + hn−1yn−1 + · · ·+ h2y2 ∈ y2Fq[y], hn 6= 0.
Based on the above result, we have also calculated explicitly the
number ln of coordinates of degree n and obtained its Dirichlet series
generating function, i.e., with the formal series
l(s) =
∑
n≥1
ln
ns
.
By the theorem of Czerniakiewicz and Makar-Limanov [Cz, ML] for
the tameness of the automorphisms of K〈x, y〉 over any field K and the
isomorphism Aut(K[x, y]) ∼= Aut(K〈x, y〉) which preserves the degree
of the automorphisms we derive immediately that the same results hold
for the number of automorphisms of degree n of the free associative
algebra Fq〈x, y〉.
It is easy to obtain an analogue of the formula for the number of
automorphisms pn of degree n for free algebras with two generators over
Fq if the algebra satisfies the Nielsen – Schreier property. Examples of
such algebras are the free Lie algebra and the free anti-commutative
algebra (where p1 = q(q − 1)2(q + 1) and pn = 0 for n > 1), free
nonassociative algebras and free commutative algebras.
In a forthcoming paper we are going to give an algebraic geometrical
analogue of the main results of the present paper for infinite fields.
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1. Canonical forms of automorphisms
The group G is the free product of its subgroups A and B with
amalgamated subgroup C = A ∩ B (notation G = A ∗C B), if G is
generated by A and B and if for any a1, . . . , ak+1 ∈ A, b1, . . . , bk ∈ B,
k ≥ 1, such that a2, . . . , ak, b1, . . . , bk do not belong to C, the product
g = a1b1 · · · akbkak+1 does not belong to C.
For the following description of G = A ∗C B see e.g. [MKS], p. 201,
Theorem 4.4 and its corollaries.
Lemma 1.1. Let G = A ∗C B, C = A ∩B, and let
A0 = {1, ai ∈ A | i ∈ I}, B0 = {1, bj ∈ B | j ∈ J}
be, respectively, left coset representative systems for A and B modulo
C. Then each g ∈ G can be presented in a unique way in the form
g = g1 · · · gkc,
where 1 6= gi ∈ A0 ∪ B0, i = 1, . . . , k, gi, gi+1 are neither both in A0,
nor both in B0, c ∈ C.
We write the automorphisms of K[x, y] over any field K as functions.
If ϕ = (f1(x, y), g1(x, y)), ψ = (f2(x, y), g2(x, y)), then ϕ ◦ ψ(u) =
ϕ(ψ(u)), u ∈ K[x, y], and hence
ϕ ◦ ψ = (f2(f1(x, y), g1(x, y)), g2(f1(x, y), g1(x, y))).
The following presentation of the automorphisms of K[x, y] is well
known, see e.g. Wright [Wr]. We include the proof for self-containess
of the exposition.
Proposition 1.2. Define the sets of automorphisms of K[x, y]
A0 = {ι = (x, y), α = (y, x+ ay) | a ∈ K},
B0 = {β = (x+ h(y), y) | h(y) ∈ y2K[y]}.
Every automorphism ϕ of K[x, y] can be presented in a unique way as
a composition
ϕ = (f, g) = α1 ◦ β1 ◦ α2 ◦ β2 ◦ · · · ◦ αk ◦ βk ◦ λ,
where αi ∈ A0, α2, . . . , αk 6= ι, βi ∈ B0, β1, . . . , βk 6= ι, λ ∈ A. If
βi = (x+ hi(y), y) and deg(hi(y)) = ni, then the degree of ϕ
n = deg(ϕ) = max{deg(f), deg(g)} = n1 · · ·nk
is equal to the product of the degrees of βi.
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Proof. First we shall show that A0 and B0 are, respectively, left coset
representative systems for the group A of affine automorphisms and
the group B of triangular automorphisms modulo the intersection C =
A ∩B.
Since ι is the identity automorphism, α = (y, x+ ay) 6∈ C and
α−11 ◦ α2 = (y, x+ a1y)−1 ◦ (y, x+ a2y) = (x, (−a1 + a2)x+ y)
does not belong to C when a1 6= a2, to show the statement for A0 it is
sufficient to verify that for any λ ∈ A there exist α ∈ A0 and γ ∈ C
such that λ = α ◦ γ. We choose α = ι and γ = λ if λ ∈ C and have the
presentation
λ = (a1x+ b1y + c1, a2x+ b2y + c2)
= (y, x+
b2
a2
y) ◦ ((b1 − a1b2
a2
)x+ a1y + c1, a2y + c2)
when λ 6∈ C (and hence a2 6= 0). Similarly, for B0 it is sufficient to use
that β = (x+ h(y), y) 6∈ C when 0 6= h(y) ∈ y2K[y],
β−11 ◦ β2 = (x+ h1(y), y)−1 ◦ (x+ h2(y), y) = (x− h1(y) + h2(y), y) 6∈ C
for h1(y) 6= h2(y) (because h1 and h2 have no monomilas of degree < 2)
and to see that
(ax+ h(y), by + b1) = (x+ k(y), y) ◦ (ax+ h1y + h0, by + b1) ∈ B0 ◦ C,
where a, b, b1 ∈ K, a, b 6= 0, h(y) = hnyn + · · ·+ h1y + h0 and
k(y) =
1
a
(hny
n + · · ·+ h3y3 + h2y2).
Lemma 1.1 gives that every automorphism ϕ of K[x, y] has a unique
presentation
ϕ = (f, g) = α1 ◦ β1 ◦ α2 ◦ β2 ◦ · · · ◦ αk ◦ βk ◦ αk+1 ◦ γ,
where αi ∈ A0, βi ∈ B0, β1, α2, . . . , αk, βk 6= ι, γ ∈ C. Since λ =
αk+1 ◦ γ ∈ A, we obtain the presentation.
Finally, if
λ = (a1x+b1y+c1, a2x+b2y+c2), β = (x+h(y), y), α = (y, x+ay),
h = hny
n+· · ·+h2y2, hn 6= 0, then the degree of β◦λ and α◦β◦λ is n and
homogeneous components of maximal degree of these automorphisms
are, respectively,
β ◦ λ = (a1hnyn, a2hnyn), α ◦ β ◦ λ = (a1hn(x+ay)n, a2hn(x+ay)n).
They are different from 0 because (a1, a2) 6= (0, 0). If the homogeneous
component of maximal degree of ψ = αi ◦ βi ◦ · · · ◦ αk ◦ βk ◦ λ is
ψ = (d1(x+ a0y)
m, d2(x+ a0y)
m),
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then for β ◦ ψ and α ◦ β ◦ ψ we obtain
β ◦ ψ = (d1hmn ymn, d2hmn ymn),
α ◦ β ◦ ψ = (d1hmn (x+ ay)mn, d2hmn (x+ ay)mn)
and we apply induction. 
2. The main results
Now we give a formula for the number of automorphisms of degree n
for Fq[x, y] and the corresponding Dirichlet series generating function.
Theorem 2.1. (i) The number pn of automorphisms ϕ = (f, g) of
degree n of Fq[x, y], i.e., such that
n = max{deg(f), deg(g)}
is given by the formulas
p1 = q
3(q − 1)2(q + 1),
pn = (q(q − 1)(q + 1))2
∑(q − 1
q
)k
qn1+···+nk , n > 1,
where the summation is on all ordered factorizations n = n1 · · ·nk of
n, with n1, . . . , nk > 1.
(ii) The Dirichlet series generating function p(s) of the sequence pn,
n = 1, 2, . . ., is
p(s) =
∑
n≥1
pn
ns
= (q(q − 1)(q + 1))2
(
1
1− q−1
q
ρ(s)
− 1
q + 1
)
,
where
ρ(s) =
∑
n≥2
qn
ns
.
Proof. (i) Applying Proposition 1.2, pn is a sum on all ordered factor-
izations n = n1 · · ·nk, ni > 1, of the number of automorphisms of the
form
ϕ = (f, g) = αδ1 ◦ β1 ◦ α2 ◦ β2 ◦ · · · ◦ αk ◦ βk ◦ λ,
where: αi = (y, x + aiy), ai ∈ Fq, δ is 1 or 0, depending on whether
or not α1 participates in the decomposition of ϕ; βi = (x + hi(y)y),
hi(y) ∈ y2Fq[y], deg(hi) = ni; λ is an affine automorphism. We have q+
1 = |Fq|+1 possibilities for αδ1 and q = |Fq| possibilities for the other αi.
The number of polynomials hni(y) = hni,iy
ni +hni−1,iy
ni−1 · · ·+hni,2y2
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of degree ni is (q − 1)qni−2 (because hni,i 6= 0). Finally, the cardinality
of the affine group is
|A| = (q2 − 1)(q2 − q)q2 = q3(q − 1)2(q + 1) :
If λ = (a1x+ b1y+ c1, a2x+ b2y+ c2), then we have q
2− 1 possibilities
for the nonzero element a1x + b1y, q
2 − q possibilities for a2x + b2y
which is linearly independent with a1x + b1y and q
2 possibilities for
c1, c2. Hence, for n = 1
p1 = |A| = q3(q − 1)2(q + 1),
pn =
∑
n1···nk=n
(q + 1)qk−1
(
k∏
i=1
(q − 1)qni−2
)
q3(q − 1)2(q + 1)
= (q + 1)2
∑
n1···nk=n
(q − 1)k+2qn1+···+nk−k+2
= (q(q − 1)(q + 1))2
∑
n1···nk=n
(
q − 1
q
)k
qn1+···+nk
when n > 1.
(ii) If an, bn, n = 1, 2, . . ., are two sequences, then, see e.g. [W], the
product of their Dirichlet series generating functions a(s), b(s) is
a(s)b(s) =
(∑
n≥1
an
ns
)(∑
n≥1
bn
ns
)
=
∑
n≥1
(
n−1∑
i=1
aibn−i
)
1
ns
.
Applied to ρk(s) this gives
ρk(s) =
∑
n≥2
( ∑
n1···nk=n
qn1+···+nk
)
1
ns
.
Hence∑
n≥2
pn
ns
= (q(q − 1)(q + 1))2
∑
k≥1
(
q − 1
q
)k(∑
n≥2
∑
n1···nk=n
qn1+···+nk
1
ns
)
= (q(q − 1)(q + 1))2
∑
k≥1
(
q − 1
q
)k
ρk(s),
p(s) =
∑
n≥1
pn
ns
= p1 +
∑
n≥2
pn
ns
= (q(q − 1)(q + 1))2
(
− 1
q + 1
+ 1 +
∑
k≥1
(
q − 1
q
)k
ρk(s)
)
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= (q(q − 1)(q + 1))2
(∑
k≥0
(
q − 1
q
)k
ρk(s)− 1
q + 1
)
= (q(q − 1)(q + 1))2
(
1
1− q−1
q
ρ(s)
− 1
q + 1
)
.

As a consequence of the above theorem, we also give a formula for the
number of coordinates with degree n in Fq[x, y] and the corresponding
Dirichlet series generating function.
Theorem 2.2. (i) The number ln of coordinates with degree n in
Fq[x, y], is given by the formulas
l1 = (q − 1)q(q + 1),
ln =
pn
(q − 1)q(q + 1) = q(q−1)(q+1)
∑(q − 1
q
)k
qn1+···+nk , n > 1,
where the summation takes on all ordered factorizations n = n1 · · ·nk
of n, with n1, . . . , nk > 1.
(ii) The Dirichlet series generating function l(s) of the sequence ln,
n = 1, 2, . . ., is
l(s) =
∑
n≥1
ln
ns
= q(q − 1)(q + 1)
(
1
1− q−1
q
ρ(s)
− 1
q + 1
)
,
where
ρ(s) =
∑
n≥2
qn
ns
.
Proof. (i) According to the well-known theorem of Jung-van der Kulk
[J, K], for a coordinate f ∈ K[x, y] with deg(f) > 1, two automor-
phisms (f, g) and (f, g1) with deg(g) < deg(f) and deg(g1) < deg(f) if
and only if g1 = cg+d where c ∈ K−{0}, d ∈ K (so (c, d) has (q−1)q
choices), hence for a fixed coordinate f ∈ Fq[x, y] with deg(f) > 1,
there are (q − 1)q automorphisms (f, g) with deg(g) < deg(f), there-
fore ln =
zn
(q−1)q , where zn is the number of automorphisms (f, g) with
deg(f) = n > deg(g).
Now we can determine zn as follows. Tracing back to the proof of
Theorem 2.1, we can see in the current case αδ1 = (y, x+a1y)
δ only has
one choice (i.e. δ = 0) instead of (q + 1) choices in the decomposition
as we have deg(f) > deg(g) now, so zn =
pn
q+1
. Therefore,
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ln =
zn
(q − 1)q =
1
(q − 1)q(q + 1)pn
= q(q − 1)(q + 1)
∑(q − 1
q
)k
qn1+···+nk .
When n = 1, for coordinates ax+ by+ c (a, b, c ∈ Fq, (a, b) 6= (0, 0)),
we have (q − 1)q choices for (a, b), q choices for c, hence
l1 = q(q
2 − 1) = (q − 1)q(q + 1).
(ii) It follows from (i), and by similar calculation in the proof of
Theorem 2.1 (ii). 
The following theorem gives an estimate for the growth of pn.
Theorem 2.3. For n ≥ 2 the number of automorphisms of degree n of
Fq[x, y] satisfies the inequalities
(q − 1)3(q + 1)2qn+1 ≤ pn ≤ (q − 1)3(q + 1)2qn+1 + (log2 n)log2 nqn/2+8.
For a fixed q and any ε > 0,
pn = (q − 1)3(q + 1)2qn+1 +O(qn(1/2+ε)).
Proof. By Theorem 2.1 (i), for n ≥ 2
pn = (q(q − 1)(q + 1))2
∑(q − 1
q
)k
qn1+···+nk ,
where the summation is on all ordered factorizations n = n1 · · ·nk of
n, with n1, . . . , nk > 1. For k = 1 we obtain the summand (q− 1)3(q+
1)2qn+1. Hence it is sufficient to show that for the number f(n) of
ordered factorizations n = n1 · · ·nk with k ≥ 2 satisfies
f(n) ≤ (log2 n)log2 n = O(nε),
and for k ≥ 2
(q(q − 1)(q + 1))2
(
q − 1
q
)k
qn1+···+nk ≤ qn/2+8.
If n = p1 · · · pm is the factorization of n in primes, then the number k
in the ordered factorizations is bounded by m. The number of factor-
izations f(n) is bounded by the number of factorizations n = n1 · · ·nm
in m parts, allowing ni = 1 for some i. Hence f(n) ≤ mm (because
each pj may participate as a factor of any ni). Since
2m ≤ p1 · · · pm = n, m ≤ log2 n,
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we derive the inequality for f(n). Let ε > 0. Writing n in the form
n = 2t, t = log2 n, we obtain t
t = log2 n
log2 n. For a > 1 and for n
sufficiently large (and hence t sufficiently large)
loga f(n) ≤ loga(tt) = t loga t
≤ t2 ≤ 2tε loga q = loga
(
q2
tε
)
= loga(q
nε)
which gives the estimate for f(n). For the second inequality, we have
(q(q − 1)(q + 1))2 = q2(q2 − 1)2 < q6, q − 1
q
< 1,
hence we have to show that
n1 + · · ·+ nk ≤ n
2
+ 2
for n = n1 · · ·nk, where ni ≥ 2 and k ≥ 2. We consider the function
u(t1, . . . , tk−1) = t1 + · · ·+ tk−1 + n
t1 · · ·nk−1 ,
2 ≤ t1 ≤ · · · ≤ tk−1 ≤ tk = n
t1 · · · tk−1 .
Hence
t1(t1 · · · tk−1) ≤ n,
∂u
∂t1
= 1− n
t1(t1 · · · tk−1) ≤ 0
with ∂u/∂t1 = 0 for t1 = · · · = tk−1 = n/k only. Considered as a
function of t1, the function u(t1, . . . , uk−1) decreases for t1 ∈ [2, t2] and
has its maximal value for t1 = 2. Hence
u(t1, . . . , tk−1) = t1 + t2 + · · ·+ tk ≤ 2 + (t2 + · · ·+ tk), t2 · · · tk = n
2
.
If k = 2 we already have
t1 + t2 ≤ n
2
+ 2.
For k ≥ 3 we have n ≥ 8, n/4 ≥ 2 and by induction
t2 + · · ·+ tk ≤ n
2 · 2 + 2 =
n
4
+ 2,
t1 + (t2 + · · ·+ tk) ≤ 2 +
(n
4
+ 2
)
≤ n
4
+
(n
4
+ 2
)
=
n
2
+ 2.

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The main contribution (q−1)3(q+1)2qn+1 to pn comes from the case
when k = 1. By Proposition 1.2 this means that such automorphisms
are of the form
ϕ = (f, g) = α ◦ β ◦ λ,
where α = ι = (x, y) or α = (y, x+ay), a ∈ Fq, β = (x+h(y), y), h(y) ∈
y2Fq[y] is a polynomial of degree n and λ is an affine automorphism,
i.e., ϕ has the form from the introduction.
3. Free Nielsen – Schreier algebras
Recall that a variety of algebras over a field K is the class of all
(maybe nonassociative) algebras satisfying a given system of polyno-
mial identities. Examples of varieties are the classes of all commutative-
associative algebras, all associative algebras, all Lie algebras, all nonas-
sociative algebras, etc. The variety satisfies the Nielsen – Schreier prop-
erty if the subalgebras of its free algebras are free in the same variety.
See, for instance, [MSY]. If a Nielsen – Schreier variety is defined by
a homogeneous (with respect to each variable) system of polynomial
identities, then the automorphisms of the finitely generated free al-
gebras are tame, see Lewin [L]. We have the following analogue of
Theorem 2.1:
Theorem 3.1. Let F (x, y) be the free Fq-algebra with two generators
in a Nielsen – Schreier variety defined by a homogeneous system of
polynomial identities and let F (x, y) 6= 0. Let cn be the dimension of
all homogeneous polynomials u(x) in one variable of degree n in F (x, y).
(i) The number pn of automorphisms ϕ = (f, g) of degree n of F (x, y)
is given by the formulas
p1 = q
3(q − 1)2(q + 1) for unitary algebras,
p1 = q(q − 1)2(q + 1) for nonunitary algebras,
pn = p1(q + 1)
∑
qk−1
k∏
i=1
(
(qcni − 1)qc2+···+cni−1) , n > 1,
where the summation is on all ordered factorizations n = n1 · · ·nk of
n, with n1, . . . , nk > 1.
(ii) The Dirichlet series generating function p(s) of the sequence pn,
n = 1, 2, . . ., is
p(s) =
p1
q
(
q + 1
1− qσ(s) − 1
)
,
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where
σ(s) =
∑
n≥2
(qcn − 1)qc2+···+cn−1 1
ns
.
Proof. One of the important properties of free algebras in Nielsen –
Schreier varieties defined by homogeneous polynomial identities is the
following. If several homogeneous elements in the free algebra are al-
gebraically dependent, then one of them is a polynomial of the others.
This fact implies that the automorphisms of finitely generated free alge-
bras are tame. Applied to the free algebra F (x, y) with two generators,
this gives that Aut(F (x, y)) = A∗CB, where A is the affine group if we
consider unitary algebras and the general linear group when we allow
nonunitary algebras, B is the group of triangular automorphisms and
C = A ∩ B. Hence we have an analogue of Proposition 1.2. Count-
ing the elements of degree n in Aut(F (x, y)) we obtain that p1 is the
number q3(q − 1)2(q + 1) of elements of the affine group if the alge-
bra F (x, y) has 1 and the number q(q − 1)2(q + 1) of elements of the
general linear group GL2(Fq) for nonunitary algebras. Then the proof
follows the steps of the proof of Theorem 2.1, taking into account that
the number of polynomials h(y) = hny
n + · · · + h2y2 of degree n is
(qcn − 1)qcn−1 · · · qc2 . 
The free Lie algebra and the free anti-commutative algebra in two
variables have no elements in one variable of degree > 1 and all auto-
morphisms are linear. Hence
p1 = q(q − 1)2(q + 1), pn = 0, n > 1.
For the free nonassociative algebra the number cn is equal to the num-
ber of nonassociative and noncommutative monomials in one variable,
or to the Catalan number and
cn =
1
n
(
2n− 2
n− 1
)
, n ≥ 1.
No explicit expression is known for the number cn of nonassociative
commutative monomials of degree n.
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